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ABSTRACT: This paper shows a hydrodynamic study of planing crafts, monohull type with hard chine, 
sailing in asymmetry and steady condition with added trim and roll. For this, the flow potential theory of 
Wagner (1932) is extended for the 2D impact including the asymmetric entry with sections with knuckle, to 
obtain an analytic solution to calculate the pressure distribution in the boat. To transform the results to 3D, 
the slender body theory is applied to obtain the pressure distribution in the hull, in order to get the sway 
force, lift force, roll momentum, trim momentum and yaw momentum in the craft. The formulation is 
programed in Matlab© and the calculations are performed with low computational resources. The results 
obtained are compared with the experimental data of towing test of Brown & Klosinsky (1994) and 
simulations with the commercial software CFD  Star –CMM+ © showing good agreement. 
 
 
1. INTRODUCTION 

 
Wagner (1932) developed an analytic formulation 
based on the flow potential theory and energy 
conservation to determine the pressure distribution 
during the 2D impact with symmetry entry. His 
results show: 

� � ����� � �� 
                       (1) 
 
where ϕ is the potential function that describes the 
flow around the section, w is the vertical impact 
velocity, y is the horizontal axis, c is the half wetted 
beam as is shown in the figure 1, furthermore b is 
the beam of the section, d is the distance keel- chine, 
z is the vertical axis and β is the dead rise angle. 
 

 
 

Figure 1. Wedge section with symmetry entry 

 
The pressure distribution can be evaluated as: 
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Where P is the pressure and ρ is the flow density. In 
the case of a wedge the rate of the half beam is 
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Figure 2. Wedge section with asymmetric entry 

 

Toyama (1993) extended the model of Wagner 
(1932) for the asymmetric entry his results show: 
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Where
 

ccy /)( µς −= , where µ is an asymmetric 

parameter defined as: 
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Where T=tgβ2/ tgβ1 
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2. Model of asymmetric entry  
 
The figure 2 shows a wedge section with asymmetry 
entry where β1, β2, c1 y c2 are the dead rise angle and 
the half beam in the sides 1 and 2 respectively. For 
the asymmetric entry the mean half beam and its rate 
is calculated as: 
 

� �
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(7) 

�� = 12 ���� + ���� 
(8) 

 
Toyama (1993) introduced µ as asymmetric 
parameter but in the current model this parameter is 
evaluated as: 
 

� = 12 ��� − ��� 
(9) 

�� = 12 ���� − ���� 
(10) 

 
The potential function proposed for the asymmetric 
entry is: � = −���� − �−� + ��� 

(11) 
 
The potential function was derived respect to time 
and space and replacing in energy equation was 
obtained the pressure distribution for the asymmetric 
entry in the follow way: 
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For a wedge section is assuming that the asymmetric 
does not affect the jet velocity, the mean half beam 
and its rate are approximated with:   
 

� = �4 �! " 1!#$�%�� + 1!#$�%��& 
 (13) 

 

�� = �4 � " 1!#$�%�� + 1!#$�%��& 
                             (14) 

The asymmetry parameter is calculated as: 
 

� = �4 �! " 1!#$�%�� − 1!#$�%��& 
    (15) 
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(16) 
 
2.1 Flow separation from the knuckle 
 
The boundary condition for the flow separation from 
the knuckle in the side 1 is P=0 in y=b1 assuming 
constant velocity entry and replacing in the equation 
12: 
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           (17) 
 
 By simplifying the equation 17:  
 2���� + �−� + '�������� − �−� + '���

�−� + '��� = � 
          (18) 

By integrating the equation 18 
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Where t1 is the instant when the flow separation 
from the side 1 occurs. On another hand from the 
equations 7, 8, 9 y 10: 
 �� + � = � 

     (20) ��� + �� = �� 
(21) 

 
Assuming that the flow separation from the knuckle 
in the side 1 does not affect the value of the half 
beam in the side 2: 

c� = �2 �!!#$%� 

(22) 
 

��� = �2 �!#$%� 

(23) 
 

The equations 19, 20 and 22 are solved iteratively to 
calculate c and µ. The equations 18, 21 and 23 are 
resolved to obtain  �� and �� , the pressure distribution 
is evaluated with the equation 12. When occurs the 
flow separation from the side 2 the boundary 
condition is P=0 en y=b2. 
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 By simplifying 24 
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 By integrating the equation 25 is obtained: 
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Where t2 is the instant when the flow separation 
from the side 2 occurs. When the flow separation 
occurs in both sides the equations 19 y 26 are 
solving to calculate c and µ, and �� and ��  are 
obtained resolving 18 y 25.  
 

 

3. RESULTS 
 
The results obtained solving the actual model was 
compared with other authors in different conditions.  
 
3.1 Symmetric entry 
 
The figures 3 and 4 show the results of pressure 
distribution and force in the time for different 
wedges, the adimensional coefficients of pressure, 
force, moment and time are calculated as: 
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Figure 3. Pressure distribution in the time in a wedge with 

β=30° 
 
In the figure 3 is noted a different behavior before 
and after the flow separation from the knuckle 
respect to the pressure distribution, before the flow 
separation the pressure is lower in the keel and 
increase when moving away from the keel, after the 
flow separation the pressure decrease with the time 
and the pressure is higher in the keel and decrease 
moving away from the keel.  
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Figure 4. Pressure distribution z/d=0.636,  β=30° 
 

 
 

Figure 5. Pressure distribution z/d=0. 818,  β=30° 
 
The figures 4 and 5 show the results of pressure 
distribution before and after the flow separation 
from the knuckle, the values are compared with CFD 
simulation with the commercial software Star-
CCM+©, the pressure obtained after the flow 
separation with CFD is higher than the results of the 
model. The figure 6, 7 and 8 shows the force during 
the impact for different wedges, the force was 
calculated of the integral of pressure distribution in 
the section. The force growth in a lineal way before 
the flow separation, after the separation the 
hydrodynamic force decrease as is shown in the 
figure, the results are compared with Tveitnes 
(2001) obtained a good agreement. 
 

 
 

Figure 6.   CF vs z/d, β=10° 

 
 

Figure 7.   CF vs z/d, β=20° 
 
 

 
 

Figure 8   CF vs z/d, β=30° 

 
The Figure 9 and 10 show the results of the vertical 
force and peak pressure in the impact before the 
flow separation from the knuckle. The data are 
compared with Zhao & Faltinsen (1993), when the 
dead rise angle increase the pressure and force 
decrease in the impact. 
 

 
 

Figure 9.  Cp vs β 
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Figure 10.  Fz vs β 

 
3.2 Asymmetric entry 
 
The figure 11 shows the pressure distribution in the 
time found with the model for a wedge with β1=10° 
y β2=30°. The results show that in the first instants 
of  the impact the pressure is higher in the side 1, 
after de flow separation from this side the pressure 
begin to decrease and is higher in the side 2, after 
the flow separation from the side 2 the pressure 
continue decreasing y both sides of the section. 
 

 
 
Figure 11. Pressure distribution during the impact, wedge 

with β1=10° y β 2=30° 

 

The figure 12 shows the pressure distribution before 

flow separation from the knuckle in the side 1, the 

results are compared with Toyama (1993) and CFD 

modeling. The figure 13 y 14 show the pressure 

distribution before and after the flow separation 

from the knuckle in the side 2 respectively, the data 

are compared with CFD simulations. The results 

obtained with CFD are higher after the flow 

separation in the side 2. 

 

 
 

Figure 12. Pressure distribution ττττ=0.1, β1=10° y β 2=30° 
 

 
 

Figure 13. Pressure distribution ττττ=0.2, β1=10° y β 2=30° 
 

 
 

Figure 14. Pressure distribution ττττ=0.4, β1=10° y β 2=30° 
 
The horizontal force, vertical force and roll moment 
are calculated with the pressure integration in the 
section through the equations: 
 

67 = 8 $97:;< 
     (31) 
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     (33) 

0

100

200

300

400

500

600

700

800

900

0 10 20 30 40 50

F/
0
.5

ρρ ρρ
w

3
t

β (°)

Present Model

Zhao & Faltinsen

0

5

10

15

20

25

30

35

40

45

-1.0 -0.8 -0.5 -0.3 0.0 0.3 0.5 0.8 1.0

C
p

y/0.5B

τ=0.07σ
τ=0.11
τ=0.20
τ=0.34

0

10

20

30

40

50

60

70

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

C
p

y/0.5B

Model

CFD

Toyama

0

1

2

3

4

5

6

7

8

9

-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

C
p

Model

CFD

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

-1.2 -1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

C
p

Model

CFD

IX HSMV Naples 25 - 27 May 2011 5



The figures 15 and 16 show the variation in the time 
of the vertical force, and roll momentum during the 
impact for a wedge section with β1=20° y β2=30°, 
the results are compared with CFD modeling and Xu 
et al (1998), the current model show a good 
agreement with the other authors. 
 

 
 

Figure 15. Vertical force variation during the impact, 

 β1=20° y β 2=30° 

 

 
 

Figure 16. Roll moment variation during the impact, 

 β1=20° y β 2=30° 

 
The figures 17, 18 and 19 show the variation in the 
time of the vertical force, horizontal force and roll 
momentum during the impact for a wedge section 
with β1=10° y β2=30°, the results are compared with 
CFD, the results of the model are very close to the 
simulation. 

 

 
 

Figure 17. Vertical force variation during the impact, 

 β1=10° y β 2=30° 

 
 

Figure 18. Horizontal force variation during the impact, 

β1=10° y β 2=30° 
 

 
 

Figure 19. Roll moment variation during the impact, 

 β1=10° y β 2=30° 

 
3.3 Flow separation from the keel 
 

The critical conditions for the flow separation from 

the keel are evaluated, the boundary condition in this 

case is P=0 in y=0, applying in the equation 12: 

 
� = ����� − ����
��� − �� − ��

2 ��
�� − �� = 0 

(34) 

 

To found the critical value was fixed β1 and was 

changing the value of  β2 to satisfy the equation 34 

in an iterative way. The figure 20 shows the results 

of the critical conditions, the results are compared 

with CFD simulation and Xu et al (1998). When the 

angle β1 increase is required a higher value of β2 for 

the flow separation. 
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Figure 12. β2 vs β1, Critical condition for the flow 

separation from the keel  

 

4. EXTENSION TO 3D 
 
To extend the results to 3D is applied the slender 
body theory. The coordinate system used is shown in 
the figure 21, the origin is in the intersection of the 
keel line and aft, the x axis is parallel to the keel, the 
axes y and z correspond to the coordinates horizontal 
and vertical respectively.  

 
 

Figure 21. Coordinate system 

 
The analysis were carry out programing an 
algorithm in matlab© that allows automate the 
calculations of the different variables. The forces 
and moments are calculated as: 
 

27 = 8 67;@ 
      (35) 

2= = 8 6=;@ 
      (36) 

4? = 8 >?;@ 
     (37) 

47 = 8 @6=;@ 
     (39) 

4= = 8 @67;@ 
     (40) 

Where Fy, Fz are the horizontal force and vertical 
force, Mx, My y Mz are the roll moment, trim 
moment and yaw momentum. The figures 22 to 25 
show the results of pressure distribution, force and 
moment in a prismatic boat with beam B=2.6m, and 
dead rise angle β=22°, the equilibrium conditions 
are: a draft D=0.5m, trim angle θ=3°and roll angle 
φ=5°. In the figures 13 to 15 show the behavior of 
the forces in the boat, which depends on immersion 
of each section, the figures do not show the 
hydrostatic forces.    

 

 
 

Figure 22. Pressure distribution in the hull (pa) 

β=22°, θθθθ=3, φφφφ=5 and D=0.5m 
 

 
 

Figure 23. Vertical force distribution 

 

 
 

Figure 24. Horizontal force distribution 
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Figure 25. Roll moment distribution 
 
The results obtained are compared with Brown & 

Klosinsky (1994), for a boat with β=20°, the values 

are shown in the table 2 and 3. The results are 

plotted in the figures 26 to 30. For this case the 

hydrostatic effect is included. The data show a 

minimum error of 4.4%, a maximum of 43% and an 

average of 5.7% respect to Brown & Klosinsky 

(1994). The coefficients of total force in hull are 

evaluated as: 
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Condition τ (°) φ (°) ψ (°) draft /Bc Fnb 

1 6 10 0 0,233 3 

2 6 0 0 0,219 3 

3 6 -10 0 0,275 3 

4 6 10 0 0,146 4 

5 6 0 0 0,142 4 

6 6 -10 0 0,144 4 

 

Table1. Conditions of Brown & Klosinsky (1994) 

 

 

 Cy Cz 

Condition Actual  Exp Error (%) Actual  Exp Error (%) 

1 0.0098 0,0110 -10.9 0.1109 0,0980 13.2 

2 0.0000 0,0007 -- 0.1100 0,0983 11.9 

3 -0.0096 -0,0092 4.4 0.1075 0,0982 9.5 

4 0.0085 0,0090 5.6 0.0667 0,0547 21.9 

5 0.0000 0,0008 -- 0.0791 0,0552 43.1 

6 -0.0087 -0,0076 14.7 0.0662 0,0549 20.6 

Table 2. Forces results 

 

 CMX CMY CMZ 

 
Actual Exp 

Error 
 (%) Actual Exp 

Error  
(%) Actual Exp 

Error 
 (%) 

1 0.0100 0,0096 4.17 0.1240 0,133 -6.7 0.0166 0,0208 -20.2 
2 0.0000 0,0009 -- 0.1141 0,121 5.7 0.0000 0,0027 -- 
3 -0.0098 -0,0065 20.9 0.1161 0,1121 -10.9 -0.0159 -0,0142 8.16 
4 0.0080 0,0074 8.1 0.0471 0,052 -10.2 0.0088 0,0111 20.7 
5 0.0000 0,0005 -- 0.0433 0,041 6.1 0.0000 0,0027 -- 
6 -0.0081 -0,0073 10.9 0.0459 0,0502 -9.2 -0.0088 -0,0068 29.4 

Table3. Moment results 

 

 
 

Figure  26. CY vs φφφφ, Cv=4  
 

 
 

Figure  27. CZ vs φφφφ, Cv=4  
 

 
 

Figure 28. CMX vs φφφφ, Cv=4  
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Figure 29. CMY vs φφφφ, Cv=4  
 

 
 

Figure 30. CMZ vs φφφφ, Cv=4  
 

 

5. CONCLUSIONS 
 

The model of Wagner (1932) was extended to the 

asymmetry entry for section with knuckle. The 

results show a good agreement respect to Tveitnes 

(2001), Zhao & Faltinsen (1993), Toyama (1993), 

Xu et al (1998) and CFD simulations. The 

formulation was extend to 3D by the application of 

SBT, the results are compared with experimental 

data of Brown & Klosinsky (1994). 
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